Abstract. For an infinite-dimensional linear quadratic control problem in Hilbert space, approximation of the solution of the algebraic Riccati operator equation in the strong operator topology is considered under conditions weaker than uniform exponential stability of the approximating systems. As an application, strong convergence of the approximating Riccati operators in case of a previously developed spline approximation scheme for delay systems is established. Finally, convergence of the transfer-functions of the approximating systems is investigated.
(llu(t)ll/ Ily(t)ll ) dt is finite. Under this assumption for every e H there exists a unique optimal control that is given by the feedback law u(t) -B*Pz(t), where P is the minimal nonnegative solution of (1.2) . A nonnegative solution of (1.2) exists under the assumption that system (1.1) is stabilizable, meaning that there exists an operator K (H, U) such that A+ BK generates an exponentially stable semigroup. If (1.1) is also detectable in the sense that for some operator L (Y, H) the operator A + LC generates an exponentially stable semigroup, then the solution P of (1.2) is unique in the class ofnonnegative operators on H and the closed-loop semigroup generated by A-BB*P is exponentially stable [1] , [6] . In 2 we will make use of these observations repeatedly.
2. The convergence result. The following theorem is the main result of this paper.
, and L ( Y, H) be given. Assume that (i) Systems (1.4) are strongly convergent to (1.1); An earlier version of this convergence theorem was proved in [3] under stronger assumptions. In particular the following property of the approximation scheme is assumed (see [3, [4] and [5] . On the other hand, in this case convergence of the pN's has been observed numerically [4] . In 3 we will show that the spline scheme indeed satisfies the requirements of we see that we can apply the Lebesgue dominated convergence theorem twice.
[3 Proof of Theorem 1. Let Sl(t) and Sl(t) denote the semigroups generated by A+ BK and A+ LC, respectively. We first observe that J(u)< for u L2(0, ; U) if and only if v= u-Kz L2(0, ; U), where z(t) is the mild solution of (t)= Az(t) + Bu(t), z(0) q, i.e., z(t) S ()(t)=(KSr(t), CSr(t)),
(v)(t)=(v(t)+K S(t-s)Bv(s) ds, C S(t-s)Bv(s) ds
Hence the optimal control satisfies 
(t)=u(t)-K S(t-s)(Bu(s)-Ly(s)) ds.
Then straightforward computations show that, for 0, Here jO)k denotes the direct sum ofj and k N defined by (jO)k)(uN, y) (jNuN, kNyN), U s E I re(N), yS RP(N) etc. Moreover, in abuse of notation we define jNu for u 6 L2(0, oo; R '()) by (jNu)(t)=jUu(t), t>--_O, etc.
(v)(t)=v(t)+Kz(t)-K S(t-s)(Bv(s)+BK(s)-LC(s)) ds, where z(t)=IoS(t-s)Bu(s)ds. Let w(t) denote the integral term in the above
By Lemma 2 applied to systems (1.9) we obtain (1.4) with these matrices are strongly convergent [4] and if the delay system (3.1) is stable in the sense that Re A <0 for all roots of det (AI-Ao-e-hA1)= 0, then the approximating systems (1.4) are uniformly output stable [5] . Moreover, the approximating transfer functions are in this case given by (3.2) 
Lo
Numerical examples for this convergence result are reported in [4] .
Remark. The conditions of Theorem 2 are stronger than stabilizability and detectability of the delay system (3.1). However, we are not aware of a stabilizable delay system that cannot be stabilized by a feedback law of the form u(t)-Kox(t). 
The solution semigroup of the homogeneous problem is S(t)= e-I, which obviously is exponentially stable. We consider the approximating systems ,N(t)=ANzN(t)+bSu(t), t>--O, y(t)=(bN)TzN(t), (4.2) [-] In case of the spline scheme discussed in 3 we have uniform convergence of the transfer functions (3.2) on compact intervals to the transfer function of the delay system (1.1) 5 ].
